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A SOLUTION TO THE CONSTRAINED ALTITUDE PLANETARY FLYBY 

c 

PROBLEM USING THE WEIGHTED LEAST SQUARES ITERATION TECHNIQUE 

By Victor R .  Bond 

1.0 SUMMARY 

The weighted least squares i t e r a t i o n  technique i s  used t o  so lve  t h e  
cons t ra ined  a l t i t u d e  f lyby  problem. It w a s  found t h a t  t h e  i t e r a t o r  
could be  c a l i b r a t e d  by use of d a t a  from a known s o l u t i o n  of t h e  problem 
f o r  one synodic per iod of Mars. The remainder of t h e  so lu t ions  were 
then  found f o r  t h e  o ther  synodic periods of Mars. 

2 .0  INTRODUCTION 

Probably t h e  most important parameters t h a t  must be known t o  design 
manned in t e rp l ane ta ry  missions are t h e  f l i g h t  t i m e s  and departure  da t e s  
a s soc ia t ed  with a given type  of mission. These f l i g h t  times must be 
chosen i n  a way t h a t  optimizes some performance c r i t e r i o n  i n  t h e  presence 
of mission cons t r a in t s .  The r e l a t i o n s  between t h e  c o n s t r a i n t s  and times 
a r e  nonl inear  i n  most cases  and must be solved by i t e r a t i o n .  The 
app l i ca t ion  of a weighted least  squares i t e ra t ive  scheme ( r e f .  1) t o  
t h e  so lu t ion  of t h i s  problem w i l l  be discussed i n  t h i s  document. A s  an 
example, t h e  i t e r a t i o n  technique i s  appl ied  s p e c i f i c a l l y  t o  t h e  constrained 
a l t i t u d e  Mars f lyby  problem. 

This problem has been solved by o the r  methods such as those  presented 
i n  r e fe rence  2 .  
oppor tun i t i e s  not  given i n  reference 2 ,  bu t  a l s o  t o  demonstrate t h e  
technique used t o  solve t h e  constrained a l t i t u d e  problem by a genera l  
purpose i t e ra t ive  scheme t h a t  can be appl ied  j u s t  as w e l l  t o  other 
manned in t e rp l ane ta ry  missions such as t h e  conjunction and opposi t ion 
Mars missions.  The i t e r a t i v e  scheme t o  be appl ied here  r equ i r e s  t h a t  
t h e  independent variables ( t h e  f l i g h t  t i m e s )  and t h e  dependent v a r i a b l e s  
( the  n l s s l o n  constraints ar?d =erforma.nce c r i t e r i o n )  be assigned numerical 
weights t o  a s su re  dependable and rapid convergence. 
p rev ious ly  inves t iga t ed  problem permits t h e  c a l i b r a t i o n  of t h e  i t e r a t i v e  
scheme by experimental  determination of t h e  most e f f e c t i v e  weighting 
f a c t o r s .  

The purpose here  i s  not  only t o  present  f lyby  mission 

The s tudy of a 
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3.0 SYMBOLS 

hTIT 

P 

'AT 

'D 

'DT 

X 

Y 

x 
Subscript  s 

expresses  t h e  func t iona l  dependence of t h e  independent and 
. dependent va r i ab le s  

p e r i a p s i s  a l t i t u d e  a t  t h e  t a r g e t  p lane t  

matr ix  of p a r t i a l  de r iva t ives  - 

hyperbolic excess v e l o c i t y  at t a r g e t  p lane t  arrival 

hyperbolic excess v e l o c i t y  a t  t h e  departure  p lane t  

hyperbolic excess ve loc i ty  a t  t a r g e t  p lane t  depar ture  

vec tor  of independent va r i ab le s  

vec tor  of dependent va r i ab le s  

i n h i b i t o r  parameter 

a f  
ax 

a r b i t r a r y  ind ices  of t h e  elements of P 

devia t ions  of ( ) from des i r ed  va lues  

s m a l l  increment i n  ( ) 

des i r ed  value 

4.0 APPLICATION OF THE ITERATION TO THE CONSTRAINED 
ALTITUDE FLYBY PROBLEM 

The convtrained a l t i t u d e  f lyby  problem may be s t a t e d  as fol lows.  
Find t h e  departure  d a t e ,  t h e  f l i g h t  t i m e  t o  t h e  t a r g e t  p l a n e t ,  and t h e  
f l i g h t  t i m e  t o  r e t u r n  t o  another  p l ane t  such t h a t  a s i n g l e  impulsive 
t h r u s t  a t  departure i s  minimized and t h e  p e r i a p s i s  a l t i t u d e  a t  t h e  
t a r g e t  planet  i s  spec i f i ed .  In  t h e  n o t a t i o n  of t h e  appendix, t h i s  
problem may be formulated as fol lows.  
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Equations (1) and ( 2 )  represent  t h e  flyby cons t r a in t  and p e r i a p s i s  
a l t i t u d e  cons t r a in t ,  r e spec t ive ly ,  and equation ( 3 )  represents  t h e  
va r i ab le  t o  be minimized. The ve loc i t i e s  WD, VAT, and VDT a r e ,  

r e spec t ive ly ,  t h e  hyperbolic excess v e l o c i t i e s  a t  t h e  departure  p l ane t ,  
t a r g e t  p lane t  a r r i v a l ,  and t a r g e t  p lane t  departure .  The independent 
va r i ab le s  a r e  t h e  following. 

X1 

X2 

X3 

t h e  time from t h e  departure p l ane t  t o  t h e  t a r g e t  p lane t  

t h e  time from t h e  t a rge t  p lane t  t o  r e tu rn  

t h e  time of departure  measured from a f ixed  calendar da t e  

( t h e  f ixed  calendar da t e  i s  a r b i t r a r y  but  w i l l  be assumed t o  be a Mars 
opposi t ion da te  i n  t h i s  paper) 

The r e l a t i o n s  between the  dependent var iab les  (Y Y2, Y ) and t h e  1, 3 
1, X2, X ) cannot be w r i t t e n  i n  closed form independent va r i ab le s  ( X  

f o r  t h i s  problem. However, a program ( r e f .  3) i s  ava i l ab le  t h a t  computes 
t h e  s o l u t i o n  for t h e  dependent var iables  when t h e  independent va r i ab le s  
are given. With t h i s  program, the conic t r a j e c t o r y  of a p a r t i c l e  
between any two p lane ts  of t h e  so la r  system can be computed when values 
are given f o r  t h e  da te  of departure from t h e  departure  p lane t  and t h e  
d a t e  of a r r i v a l  at t h e  a r r i v a l  planet .  
c o n s i s t s  of t h e  r e l a t i v e  ve loc i ty  vec tors  of t he  p a r t i c l e  with respec t  
t o  each of t h e  p lane ts .  
v e l o c i t y  vectors  a r e  t h e  same as t h e  hyperbolic excess ve loc i ty  vec to r s .  
The p a r t i a l  de r iva t ive  matr ix  P may be obtained numerically from t h e  
same program if s m a l l  v a r i a t i o n s  are made i n  each of t h e  independent 
v a r i a b l e s  f r o m t h e  i n i t i a l  guess values of X. If Y = f (X)  i s  t h e  
s o l u t i o n  f o r  t h e  i n i t i a l  guess o f t h e  vector  X ,  then t h e  components of 
t h e  P matr ix  a r e  computed from 

3 

The output of t h e  program 

For a l l  p r a c t i c a l  purposes,  these  r e l a t i v e  

v / v  + 6:: ) - y (x.) 

j 
( 4 )  - Li 'n j  i J  - 

pi j 6X 
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, I f  it is assumed t h a t  t h e  proper values of  t h e  weighting mat r ices  
W and W have been determined.and t h a t  t h e  i n h i b i t o r  A i s  proper ly  . 

con t ro l l ed ,  equation ( 5 )  i s  solved t o  g ive  t h e  co r rec t ion  AX t o  t h e  
guess f o r  the vec tor  X.  

Y X 

AX = ( P  T WyP + AWx) -1 P T Wy(y - Y )  ( 5 )  

Equation ( 5 )  i s  then  appl ied repea ted ly  u n t i l  equations (1) and (2) 
I are s a t i s f i e d  and equation (3)  i s  minimized. 

To cont ro l  t h e  i n h i b i t o r  A during each i t e r a t i o n  s t e p ,  i t s  
value i s  automatical ly  chosen t o  s a t i s f y  t h e  condi t ions t h a t  t h e  e r r o r  
i n  t h e  est imate  of AY i s  minimized and t h a t  AX i s  chosen such t h a t  
l i n e a r i t y  assumptions are v a l i d .  These condi t ions  are given by 
equations ( 6 )  and ( 7 ) .  I 

T R = e W e  

S = AX W,AX c So 

Y 
T 

5.0 RESULTS AND DISCUSSION 

A computer program w a s  w r i t t e n  t o  so lve  equat ion ( 5 )  i n  i t s  
app l i ca t ion  t o  t h e  constrained a l t i t u d e  p lane tary  f lyby problem. 
f lyby problem i s  solved i n  re ference  2 f o r  a f e w  cases  which were used 
as t r i a l  problems t o  c a l i b r a t e  t h e  i t e r a t i v e  scheme. 
c a l i b r a t i o n ,  t h e  proper values  of . W y ,  Wx, and So were se l ec t ed  

t o  minimize t h e  number of i t e r a t i o n s  and a t  t h e  same t i m e  t o  maintain 
reasonable accuracy. These values were then  used t o  so lve  t h e  cases  
t h a t  were unknown. 

The 

During t h i s  

I n  reference 2 ,  it i s  pointed out t h a t  w i th in  any given synodic 
period ( t i m e  between successive oppos i t ions ,  varies between 764 and 
811 days)  of Mars t h e r e  are two minimum depar ture  v e l o c i t y  oppor tun i t i e s  
t o  depar t  from Earth,  f l y  by Mars a t  a s p e c i f i e d  a l t i t u d e ,  and r e t u r n  
t o  Earth.  These missions r equ i r e  j u s t  l e s s  than  2 years  t o t a l  f l i g h t  
t ime. 
a l l  of these  oppor tuni t ies  r equ i r e  very long t o t a l  f l i g h t  times or 
excessively high m i n i m u m  departure  v e l o c i t i e s .  
depar ture  ve loc i ty  af ter  opposi t ion is c a l l e d  long-short  because t h e  
outbound time X1 i s  g rea t e r  than  t h e  r e t u r n  t i m e  X2. This f i r s t  

minimum occurs approximately 122 days af ter  oppos i t ion .  The second 
minimum departure ve loc i ty  i s  c a l l e d  short- long because t h e  outbound 

There a r e  o ther  f lyby oppor tuni t ies  during a synodic pe r iod ,  bu t  

The f i r s t  minimum 

. 
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8 .  

t ime X1 i s  l e s s  than  t h e  re turn  t ime X2. This minimum occurs 

approximately 93 days p r i o r  t o  opposit ion.  

A s  a t e s t  of t h i s  i t e r a t i o n  scheme, it w a s  decided tso uFe t h e  t imes 
found i n  re ference  2 for t h e  short-long missions t h a t  occur p r i o r  t o  
t h e  1975 opposi t ion and for  the 1ong;short missions t h a t  occur a f t e r  t h e  
1975 opposi t ion as i n i t i a l  guesses t o  obta in  a l l  of t h e  minimum short-  
long and long-short opportuni t ies  through t h e  1999 Mars opposi t ion da te  
f o r  a constrained a l t i t u d e  of 200 n. m i .  The i t e r a t i o n  scheme exhib i ted  
remarkable s t a b i l i t y  and speed i n  both t h e  short-long and long-short 
mission searches.  A l l  of t h e  short-long missions,  a t o t a l  of twelve,  
were obtained i n  one computer run by use of t h e  same i n i t i a l  guesses 
f o r  t h e  t imes 

per  opportuni ty  on t h e  UNIVAC 1108 d i g i t a l  computer. 
s h o r t  oppor tuni t ies  were a l s o  found i n  a s ing le  computer run t h a t  
averaged 10 seconds per opportunity.  The r e s u l t s  of t hese  runs a r e  
presented i n  t a b l e s  I and 11. Note from these  r e s u l t s  t h a t  t h e  v a r i a t i o n s  
i n  t h e  f l i g h t  t imes f r o m t h e  i n i t i a l  values  were q u i t e  l a r g e  i n  seve ra l  
cases .  

X1, X2, and X and required approximately 10  seconds 

The twelve long- 
3 

6.0 CONCLUDING REMARKS 

It has been shown i n  t h i s  paper t h a t  t h e  weighted l e a s t  squares 
i t e r a t i o n  technique can be used t o  ob ta in  t h e  so lu t ion  r ap id ly  for t h e  
constrained a l t i t u d e  Mars f lyby  problem. I n i t i a l  guesses f o r  t h e  f l i g h t  
t i m e s  f o r  t h e  departure  opportuni t ies  were obtained from an independent 
source.  These i n i t i a l  guesses were then used t o  c a l i b r a t e  t h e  weights 
of t h e  dependent va r i ab le s  i n  a d i g i t a l  program developed t o  obta in  t h e  
so lu t ions  f o r  t h e  two departure  opportuni t ies  (of  t o t a l  f l i g h t  time 
approximately 2 yea r s )  during each synodic per iod of Mars from 1975 
through 1999. 

. 
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APPENDIX A 

THE WEIGHTED U A S T  SQUARES ITERATION EQUATION 

The i t e r a t o r  i s  based on t h e  weighted l e a s t  squares method which 
i s  presented i n  re ference  1 but  w i l l  be derived here f o r  completeness. 
Consider t h e  system of equations 

where Y i s  an n vector  of dependent va r i ab le s  and X i s  an m 
vec to r  of independent va r i ab le s .  The problem i s  t o  solve equation (Al) 
for independent va r i ab le s  fi when t h e  des i red  values  of dependent 

v a r i a b l e s  ;I have been given. Because equation ( A l )  i s  nonl inear ,  it 
must be solved by i t e r a t i o n .  Therefore, a cor rec t ion  formula must be 
found t o  p red ic t  t h e  changes AX i n  t h e  independent va r i ab le s .  

Expand equation (Al) i n  a Taylor s e r i e s  about t h e  i n i t i a l  guess 
f o r  t h e  vector  X. 

Y = Y + K ( Z  - x )  + ... ax 
Use t h e  d e f i n i t i o n s  

a f  
ax p =  - 

and 

where AX i s  t h e  cor rec t ion  t o  the  guess X t o  wr i t e  equation (A2). 

7 = Y + PAX + higher order terms ( A 5 1  

The r e s i d u a l  e r r o r  vector  e may be wr i t t en  as 
- 

e = Y - Y -PAX 

This vec tor  represents  t h e  d i f fe rence  between t h e  t r u e  v a r i a t i o n  i n  
Y and t h e  v a r i a t i o n  t h a t  would be pred ic ted  from t h e  l i n e a r  approxima- 
t i o n  (A5). 
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Because m is not necessarily equal to n, the matrix P does not, 
in general, have an inverse; therefore, equation (A5) cannot be solved 
directly for AX. In addition, it is desirable to obtain an expression 
for AX that minimizes the length of the error vector e. Because the 
components of the vector Y may have different dimensions and because 
the nonlinear system of equations may be more sensitive to some components 
of Y than to others, it is necessary to obtain a correction AX that 
minimizes the sum of the weighted squares of the components of the error 
vector e. This condition may be stated as follows: minimize the 
scalar 

(A71 'I' R = e W e  Y 
with respect to the vector A X .  

To avoid very large values of AX, a constraint may also be imposed 
A X ,  which may be expressed on the weighted squares of the components of 

as 

(A8 1 T S = AX W AX -z So X 

The matrices W and W are n by n and m by my respectively, and Y X 
are both diagonal matrices ; So is a constant. The constraint 

[eq. (A8)] may be added to the scalar [eq. (AT)] by the use of a Lagrange 
multiplier 
sum with respect to the correction vector AX. This operation may 

A,  and the minimization is done by differentiation of this 

be expressed as follows. 

When the differentiation 

(A9 ) a - (R + X S)  = 0 a AX 

is performed, the equation for the correction 
AX is found to be the following. 

(A10 1 T -1 T AX = ( P  WyP + AW ) P Wy(y - Y) X 

An iterative scheme that employs equation (A10) must have the means 

The method used 
to control the multiplier A to satisfy the constraint [eq. (A811 and 
to minimize the function 
to control X is given in reference 1. The desired values of the 
dependent variables 
accuracy desired and the computation time limitations. The dependent 
variable that is to be optimized is assigned a desired value that is 
impossible to attain. 

R, defined by equation (AT). 

f are specified to some tolerance based upon the 
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